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The purpose of this appendix is to establish some fundamental theorems on approximation by integral polynomials on finite sets of algebraic integers. The first three derive from a conversation with David Cantor. These are essential in the more general situation. Throughout, the symbol z will be used only to represent an element of C and ^-tuples of complex numbers will be written out in full. Also, A will be any discrete subring of C of rank 2 and L the unique imaginary quadratic field such that A c I L (Proposition 1.10).
The first theorem tells us that we can approximate by integral polynomials on any incomplete set of conjugate algebraic integers over the imaginary quadratic field containing A. In the case of a complete set of conjugate algebraic integers, the situation is just the opposite; we can approximate only what we can interpolate. This is a corollary of Proposition 3.7.
THEOREM A.l. Let a v . . . , a n be a complete set of conjugate algebraic integers over L, e any positive number, and z 2 , . . . , z n any complex numbers. Then there is a polynomial q E A [z] such that \q(aj) -Zj\<e 9 2 < j < n.
PROOF. From Proposition 1.11 we know that there is a positive rational integer m such that mI L c A. If the theorem were true for I L in place of A we could
from which the conclusion of the general theorem follows if we take q = mq 0 . Thus we can assume from the outset that A = I L . By Proposition 1.7, I L is a discrete subring of C of rank 2. Then (I L ) n is a discrete subgroup of C n with rank In. We identify C n with R 2n by the map (z" . . . , z n ) -> (Re z l9 Im z" . . . , Re z", Im z"). Thus, by Cassels [59, Theorem VI, p. 78 (Cassels [59, p. 10] ). Then by Cassels [59, Theorem III, p. 73] there exists (y v . . . , y n ) in (I L ) n such that (y v . . . , y n ) ^ (0, . . . , 0) and
where (w>" . . . , w n ) = r(^l f . . . ,y n ). Consequently,
If we define q{z) = y x + >^2z + • • • +>>, I z ,,~1 then we have, by the representa-
Since L has characteristic zero, the mimmal polynomial over L of the set of conjugates a l9 . . . , a n is separable, i.e., the a's are distinct. Since the determinant of (1) is n^/^^^ -a,.), T is a nonsingular transformation. Thus, since (y v . . . ,y n ) T^ (0, . . . , 0), we have w, = ^(a y ) ^ 0 for somey. Since the a's are conjugate to a p this implies that
Now suppose that p is any polynomial with complex coefficients and degree < n -1. If [p] denotes a polynomial obtained by replacing each coefficient of p by a nearest integer (i.e., element of I L ) we have
where S is defined in Proposition 1.2. By (2) there is a positive integer k such that • Utilizing some ideas from algebraic number theory, it is possible to give a shorter proof of Theorem A.l as follows. We assume as before that A = I L . Let p be the minimal polynomial of a x , . . ., a n . Adjoin a root 0 of p to L to get a field F = L{0). Then/? is the minimal polynomial of 0 and/? factors into linear factors over the completion L = C of L with respect to the usual Archimedean valuation | • | on L. Let | • \ x , . . . , | • \ n be the extensions to F of | • | corresponding to the linear factors x -a v . . . , x -a n , respectively (Bachman [64, p. 133] ). Then any element of L{0) can be expressed in the form p'{9) with
is a base for L(0) over L, we see that 1, 0 l9 . . ., 0"~x is also a base and consists of elements integral over I L . Thus by Lang [70, Proposition 6, proof, p. 6 
Since L is dense in C we can assume that z 2 , . . . , z n G L. By the very strong approximation theorem (O'Meara [63, p. 77] ) there exists a EL F such that \a -c~xz^t <|c| /~1 €, 2 < / < AZ, and |fl|j, < 1, £ non-Archimedean. Since |fl|j, < 1 for all non-Archimedean p, tf E 7p. Thus, by (*) there is a polynomial q E 7^ [x] such that c~lq(0) = tf. Then
hence |^(^) -z t \ t < e, 2 < / < n, and \q(<x^ -z\ < e, 2 < i < n. Our next result generalizes this theorem to the case of an arbitrary finite number of incomplete sets of conjugate algebraic integers. 
Another way in which Theorem A.l may be generalized is to require that the derivatives at the given points also approximate. We needed this extension of the theorem in Chapter 7. 
By Theorem A.l there is a q E I L [z] with 0 < \q(zf)\ < 1, 2 < j < n. Choose p > 0 so small that the disks of radius p and centers {z 2 , . . . , z n ) are disjoint, lie within the domain of definition of / and h, and 0 < \q\ < 1 and A^Oon
where D is the closed unit disk. Let A = max{>!p" , '}7, 0 .
Choose e' so that A2e' < e and then a positive integer X such that 1# ll*llgllgll* " , 
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